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Previous results of Knops and Payne concerning continuous data dependence 
in linear elastodynamics are extended to include the case where the elasticities 
may be time dependent. Our results, which include stability under perturbations 
of both the elasticities and the initial geometry, are obtained by applying a 
logarithmic convexity argument to the Cauchy problem associated with an 
abstract differential equation in Hilbert space. 
1. INTRODUCTION 
Let M be a positive-definite self-adjoint linear operator which maps IV, a 
dense subset of a Hilbert space 23, into Hand let N(t) be a one-parameter family 
linear operators (t E [0, T) with T > 0) which map W into H; the inner product 
on H is denoted by ( , ).l We assume that M is independent of t and that N(t) 
is symmetric for each t, 0 < t < T. Now let u(*, t) E Cl([O, T); H) with u(*, t) 
and (&/at) (., t) taking their values in W. It is assumed that Pu/8ta exists a.e. 
on [0, T) and that Mu, au/at, Nu, and N(au/at) belong to C([O, T); H). 
We propose to examine here some stability properties for a class of solutions 
to the initial-value problem2 
(&+t2) - Nu(t) = S(t), (1.1) 
U(‘, 0) = f(*), w.9 opt = g(*>, U-2) 
where S: [0, T) --+ H. For fixed t E [0, T) the domain of u(., t) is denoted by J, 
which is a topological space that carries a positive measure plc; thus, f, g: J -+ H 
1 For any h E H, /I h /Ia = (h, h). 
2 Some continuous dependence results of the kind obtained in this paper can also be 
derived by using a theorem of Levine [2]; our approach, however, is to generalize earlier 
work of Knops and Payne [l] on continuous data dependence in linear elastodynamics. 
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and are taken to be continuous functions on J. By a solution to (l.l), (1.2) we 
mean a function u(., t) E Cr([O, T); H) which satisfies 
+ St <+(rl), s(d) 4 + <W, Mu,(O)) 
(1.3) 
0 
for each +(., t) E Cm([O, T); W) and each t, 0 < t < T. The solution must also 
satisfy the initial conditions 
U(‘, 0) = f(-), Ut(‘, 0) = g(*), 
N(O) u(*, 0) = N(O) Q-1, Mud., 0) = Mg(.) 
(1.4) 
almost everywhere on J. We set 
&if = {v E Cl@, T); ff) I I/ v 11% < Ml, I/ vt 11% < MS, for some MI, M, > 0}, 
where // v 11: = j’i (V(T), Mv(7)) dq, 0 < t < T. What we want to demonstrate 
is that given appropriate conditions on the operator derivative h(t), there exist 
constants K and L and a function 6: [0, T) + [0, 1) such that 
[j u 11; < KL’” II M-lg 112T(1-‘), O<t<T, (1.5) 
whenever M-l exists and u(., t) is a solution of (1 .l), (1.2), with f = g = 0, 
which lies in the class A. From (1.5) we will be able to deduce certain results 
concerning the continuous dependence of u, in the Il(.) norm, upon perturba- 
tions of the initial data, the initial geometry, and the operator N. Finally our 
results are specialized in such a way as to apply to a class of initial-boundary- 
value problems for linear elastic materials with time-dependent elasticities. 
Such problems can easily be obtained if one linearizes the field equations of 
motion, for a materially uniform anelastic body, about a natural state; the system 
of differential equations one obtains in this manner would then apply to the 
case of a linear elastic body with a time-dependent distribution of dislocations 
(moving dislocations). For further details concerning material uniformity in 
elasticity and anelasticity the reader may consult [3, 41. 
2. HOLDER STABILITY OF SOLUTIONS u(.,t)~A! 
Our basic aim in this section is to prove the following 
LEMMA. Suppose that u(., t) is a solution of Eq. (1 .l) which lies in the class A%’ 
and satis$es homogeneous initial data. Then u satis$es (1.5) for each t, 0 <t < T, 
STABILITY THEOREMS FOR AN ABSTRACT EQUATION 523 
provided M-l exists and R(t) exists a.e. on [0, T) with (w, a(t) w) > 0 for each 
w E W and all t E [0, T).3 
Proof. The proof consists of showing that an appropriately defined function 
of 
G(t) = j” (~(4, Mu(d) 4 + T4 II M-l5 lb (2.1) 
0 
is convex on [0, T). Now, as u(-, 0) = 0 a.e. on J and M is symmetric on W, we 
clearly have 
dG - = 2 It <u(d, Mu,) 4. dt 0 P-2) 
Also, 
d2G 
___ = 2(u(t), Mu,) 
dt2 
= 2s,’ <u, 7 Mu,> 4 +2 jot (U(T), WI) +d) 4+ 2lt <u(d> s(71)) 4, 
(2.3) 
as (1.3) holds for the limit, in an appropriate norm, of a sequence {$,(., t)} C 
Cm([O, T); W) and ul(-, 0) = 0 a.e. on J; this same argument, again applied 
to (1.3), but this time for a sequence {+,(*, t)} C P([O, T); W) which converges 
to ut(., t), yields the identity 
<u, >Mu,) = /on<uw, Mu,)4 
(2.4) 
+ Jon (u, , NY) U(Y)) dr + jo’ (u, > @-(Y)) 4, 
which is valid for each 7, 0 < r) < T. However, 
s n< u,0 7 N(Y) U(Y)> dr = Hu(rl)t WI)~(711) - 4 Jo’ <U(Y), I%  U(Y)> dr 
(2.5) 
3 We are assuming, of course, that u E Cl([O, T); H) and that utt exists a.e. on [0, 2’). 
Note also that N(t)w = limb,, l/h[N(t + h)w - N(t)w] provided the limit makes sense. 
Difficulties arise whenever S(N(t)) + W, 0 < t < T, for then the difference quotient 
may not be defined, for a specific w E W, for all h near zero. A detour around this problem 
is discussed by Levine [2]; for our purposes we shall assume that g(N(t)) = W, 
O<t<T. 
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so we may integrate (2.4) through, with respect to 7, from zero to t < T, so as to 
obtain 
+i II u, II: - i! it <u(d, VI)U(T)) 4 
--4 c (t - 7) <u(7), w 47)) 4+ Lt (t - 7) <u, 7 ~;(‘I)> 4. 
(2.6) 
From (2.1) and the positive-definiteness of M, dG/dt = (u(t), Mu(t)) > 0 for 
u(t) + 0. Moreover, as M is self-adjoint, a unique self-adjoint square root 
M1jz may be defined for which W = g(M) C B(M1/2); the Schwarz inequality 
may then be applied to (2.2) twice in succession so as to yield 
(dWW2 G 4 II u II; II u, II! 9 O<t<T. (2.7) 
Combining (2.3) and (2.7) we find that 
G d2G 
- - (g)” 2 -33 /II u, II! - lt <u(rl), W u(d) 41 dt2 
+ 2G 1’ <u(rl)> -WI)) 4 + 4T4 II u, II,” IIM-9- II! > 
0 
(2.8) 
where we have made use of the definition of G(t). Substituting from (2.6) we see 
that we can rewrite the inequality (2.8) in the form 
+ 4T4 II u, II: II M-l9 II; 
+ 2x3 ( (t - 4 <u(rl), fib) u(d) 4. (2.9) 
Clearly, however, G(t) > 0, 0 < t < T, and <u(t), fJ(t)u(t)> > 0, 0 d t < T, 
by virtue of our hypothesis on A; therefore, the last expression on the right-hand 
side of (2.9) can be dropped without changing the sense of the inequality. Also, 
the following estimates are a simple consequence of the definition of G(t), the 
existence of a self-adjoint square root for M, and the arithmetic-geometric mean 
inequality: 
33 St <U(T), s(d) 4 Z - T-‘G2(t>, 
0 
-4G 0t (t - 7) <u, > s(d) dq 2 - T-2G2(t) - 4T4 /I u, 11; (( M-‘cF 11;. s 
(2.10) 
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If we now drop the expression in (2.9) involving N(t) and make use of the 
estimates in (2.10) we easily obtain 
G(d2G/dt2) - (dG/dt)2 3 -T-2G2(t), O<t<T, (2.11) 
which is equivalent to the condition (d2/dt2)F(t) > 0, 0 < t < T, with 
F(t) = log[ef2ir2G(t)]. The required result, i.e., (1.5), now follows directly from 
Jensen’s inequality and the fact that u E A, if we set 8(t) = t/T, 0 < t < T. 
3. UNIQUENESS AND CONTINUOUS DEPENDENCE ON INITIAL DATA 
In order to obtain results concerning the continuous dependence of solutions 
u E J&Z of the system (l.l), (1.2), upon the initial data f and g, we can avail 
ourselves of the stability estimate (1.5) in the following way. Let u(-, t) be a 
solution of (l.l), (1.2), with 9 = 0, which belongs to &Z and is such that utt 
exists a.e. on [0, T). We define a new function v: [0, T) ---f H via 
v(., t) = u(., t) - tu,(*, 0) - u(., 0) (3.1) 
and we note that v(., 0) = vt(., 0) = 0, a.e. on J. A simple computation then 
shows that for each +(., t) E C”([O, T); IV) and each t E [0, T), v(., t) satisfies 
<4(t), Mvt) = ( (A, 9 MY,) 4 + Jot (+(,h N(T) VW 4 
+ It (4+h W bM0) + u(W 4; 
(3.2) 
0 
i.e., v(., t) satisfies (1.3) with g(t) replaced by 
@(*, t) = N(t) [tu,(-, 0) + u(., 0)] 
For the sake of convenience we will define h: [0, T) + H via X(., t) = tu,(-, 0) + 
u(-, 0); then if g(t) exists and is positive semidefinite for 0 < t < T we may use 
the previous lemma and deduce that for each t, 0 < t < T, 
provided, of course, that B(N(t)) C g(M-l), 0 < t < T. Note, however, that in 
view of (3.1), 
II ZJ Ilt G II v llt + II wm + 4w 
< II v I/t + II t%(o) + um- 
< II v Ilt + (4TN1’2 (max{ll f II”, II g II”,>>““, 
(3.4) 
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where K(T) = T3/3 + T2 + T and 11 h 11: = (h, Mh) for any h E H. Combining 
(3.3) and (3.%) we obtain 
II u llt < K1”L6 II M-‘W) ~(~>li’;” + (K(T))“” Wx{ll fli?+ , /I g II”,>>“” (3.5) 
for each t, 0 < t < T. While (3.5) re p resents a perfectly good continuous 
dependence result, we may proceed one step further if we assume that the 
operator 
L(t) = M-IN(t) 
is bounded, in the strong operator topology generated by 11(.)11.+ , for each 
t E [0, T). In fact, if we set OL = ~up[s,~)II/ L(t)lll, then we easily obtain from (3.5) 
the stability estimate 
/I U iIt < K1’2L” jLT II WI) WI”, 4/1’2-6’2 + W”)“” (m=4ll f II”, y II g ll$.)1’2 
< (IF2L%-” + (K(T))““) $(f, g) (@“(f, g> + I), (3.6) 
where 
(3.7) 
Therefore, if M-lN(t) is bounded, in the strong operator topology generated by 
11(.)11* , for each t E [0, T), it follows directly from (3.6) and (3.7) that I/ u IIt -+ 0, 
0 < t < T, as the quantity max(ll u(O)ll$ , 11 u,(O)ll~} --+ 0. Under the explicit 
assumption that M-l exists and that N(t) is symmetric, for each t E [0, T), we 
may formalize our results in 
THEOREM I. Let u E .A! be a soktion of (1 .l), (1.2) for which 9 = 0 and 
assume that a(t) exists and is positive semide$nite for 0 < t < T. Then 11 u IIt -+ 0, 
0 < t < T as max(ll u(O)li$ , /I ut(0)$} --j 0, whenever M-IN(t), 0 < t < T, is 
bounded in the strong topology generated by /I(.)I . Moreover, for each t E [0, T), 
the stability estimate (3.6,) is valid where z,b(f, g) is dejked by (3.7). 
COROLLARY. Provided fi(t) exists and is positive semideJinite for 0 < t < T, 
there exists at most one solution u E &I of (1.1) which satis$es the initial conditions 
(1.2). 
Proof. If u(i), i = 1, 2, belong to A%’ and satisfy (l.l), (1.2), then 
u = u(r) - uf2) satisfies (1 ,l), (1.2) with 9 = 0 and u(O) = u,(O) = 0; there- 
fore, h = 0 and the result follows directly from (3.5). 
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4. CONTINUOUS DEPENDENCE ON 8lv(t) 
Consider two solutions u(~)(*, t), (II = 1,2, of (l.l), (1.2) which correspond, 
respectively, to the operator pairs {M, No)(t)) and {M, Nc2)(t)). We assume that 
u(“)(., t) E A+‘, for 01 = 1,2, and that ulp’ exists a.e. on [0, T). Then a simple 
computation shows that u(., t) = ul(., t) - u2(., t) satisfies @.I), (1.2) with 
N(t) replaced by No)(t), f = g = 0, and S(., t) repla’ed by F8(., 2) = 
6N(t)u2(., t), where SN = No) - Nc2). Thus, provided &P(t) exists and is 
positive semidefinite, for 0 < t < T, we may apply our basic lemma and deduce 
that 
I/ u 11; < KL2” ( loT <WI) ~~(4, M-l~W u2hD 4)‘-’ (4.1) 
for 0 < t < T. To proceed further we will assume that M-l is bounded and that 
SN(7) is bounded for each t E [0, T). If we set 
P = ill M-l III* , Y = sup Ill ~N(t)lll* 7 
[O,T) 
then (4.1) yields 
I/ u 11; < KL2”(j3$)‘-” /I u2 j/$‘1--6), O<t<T, (4.2) 
which, in turn, leads us to 
THEOREM II. Let u(l) EA’ be any solution of (l.l), (1.2) with N = Nl(t), 
while u12) E&! is a solution of (l.l), (1.2) with N = N2(t). Then, whenever 
(i) II/ N(l)(t) - N’2)(t)lll.+ exists for each t E [0, T), i.e., SN(t) E N(l)(t)- 
Nt2)(t) is bounded in the strong operator topology generated by lj(.)li* for each 
t E [0, T), and 
(ii) h(l)(t) exists and is positive semidejkite for each t, 0 < t < T, 
11 u(l) - ut2) IIt + 0, 0 < t < T, as sup /I/ N(l)(t) - N’2’(t)ll;, + 0. 
[O,T) 
5. CONTINUOUS DEPENDENCE ON INITIAL GEOMETRY 
Let x: J- Rf be a nonnegative continuous function on J and suppose that 
SUP,,~ 1 x(x)1 < E for some E > 0. By UX(., t) we denote any solution of (1 .l) 
which satisfies initial data of the form 
UX(‘, -x(-N = f(.h (auvt) (., -x(.)) = g(.). (5.1) 
Note that ux has its initial data prescribed on the surface t = -X(X), x E J, 
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instead of on the surface t = 0 as is the case in (1.2). If we set uG = ux - u, 
where u(., t) is any solution of (1 .l), (1.2) then what we want to show is that 
11 u’ /It + 0, 0 < t < T, as E ---z 0, provided the initial data are restricted in an 
appropriate manner. Now, clearly, uE is a solution of (1 .l) for which 9 = 0 
and utE(., t) take on the following values at t = 0: 
u’(*, 0) = W(‘, 0) - u(., 0) 







In other words, w(., t) is a solution of the Cauchy problem 
Mu’,, - Nu’ = 0, (5.4) 
u’(., 0) = xc.> g(.) + j”-‘(‘) q(hx/+2) dr], (5.5) 
(5.6) 
Therefore, if A(t) exists and is positive semidefinite for all t, 0 < t < T, and 
M-lN(t) is bounded in the strong operator topology generated by /(.)11* , for 
each t E [0, T), the stability estimate (3.6,) is applicable in the form 
II uf llt < (K1’2Lx@ + (K(T)““> #(u’(O), w(0)) (y+W(O), ut(O)) + l), (5.7) 
whenever uE E JZ for E sufficiently small. Now, by virtue of (3.7) 
$(u’(O), u;(0)) = (maxlll owl”,] 9 II WN”*~P” 
so that the desired result will follow directly from (5.7) if we can establish 
conditions under which #(u’(O), u,c(O)) + 0 as E - 0; such conditions are the 
subject of the 
THEOREM III. Let ux(., t) be uny so&ion of (l.l), (5.1), where X: J- Rf 
is continuous in the topology of J and let u( ., t) be a solution of (1. l), (1.2). We assume 
that u:~ exists and is a continuous function of t, a.e. on [0, T). Suppose that 
us = ux - u lies in A’ for E su@iently small and that the initial data satisfy 
11 xg 1) > (1 + 6) // u,‘(O)jl , a.e. on J, for E sz@cientZy small. Then if 
(i) M-lN(t) is bounded in the strong operator topology generated by 11(.)11+ 
for t E 10, T), 
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(ii) fi(t) exists and is positive semidejnite for all t, 0 < t < T, and 
(iii) lim E-,, I/ Mut(0)ll and lim,,, j/ Mu,‘(O)// are both finite, it follows that 
for each x E J 
II u’ lit - 0, 0 < t < T, as E + 0. 
Proof. In the computations to follow we will suppress the dependence of 
quantities such as 1) uC(0)ll, etc., on points x E J, and each equality or inequality 
will be valid at some fixed but arbitrary point x E J. Instead of doing this we 
could use the measure pz on J to induce an inner product ( , )Lz(,,H) on the 
space L2( J, H) via 
<f, g)m,a = s, <f(x)> g(x)> 4, . (5.8) 
By a term such as 11 u 11: , 0 < t < T, we would then understand4 
In order to show that the hypotheses of the theorem imply that #(W(O), 
utc(0)) + 0 as E --f 0, we begin by taking the inner product of (5.5) with u’(O), i.e., 
11 u’(o)ll” = x(!ic, u’(O)) + j--““’ 7 (u’(O), F) dy. (5.10) 
But for a given x: J- R+ and fixed E > 0, 
W(E, x; ?j) = (u’(O), a2uxpT2) 
is a continuous function of 7, a.e. on [0, T). Thus we may apply the standard 
mean-value theorem to the integral in (5.10) and we obtain 
= x(g, u’(O)) + yy (u’(O), ]-*“’ $ &) 
II 
(5.11) 
= x<s, u’(O)) - %(U’(Q W(O)) 
where -x < 7X < 0, on J, and where we have made use of (5.6) in going from 
(5.11,) to (5.11,). Therefore, as I Q 1 < 1 x 1 < E, everywhere on J, 
II uV)l12 G E II g II II UVII + E II U’(O>ll II utV)ll 
4 I am indebted to Professor H. A. Levine for making this observation. 
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on J, or 
II 69ll d 4 g II + II W(O)ll). (5.12) 
Now, take the inner product of (5.5) with g so as to get 
<I& U’(O)) = x II g II2 + k”‘.’ q (9, -g) 6 
on J. But p(e, X; 7) E (g, ?Pux/+s) is a continuous of 7, a.e. on [0, T), so there 
exists a function +ix , with -x < 75, < 0 everywhere on J, such that 
on J. Therefore, 
II g II II U’(O)ll 2 <f5 uw> 
z I x I II g II2 - I% II <g, WWI (5.14) 
a I x I II g II2 - E II g II II wal > 
where we have made use of the Schwarz inequality and the fact that 
/ ijX I < I x I < E on J. Clearly, (5.14) implies that 
II u~(O)lI z I x I II g II - 6 II w(O)ll (5.15) 
on J, so that for E sufficiently small 
II ~v)ll a (1 + 4 II wKoll - E II W(O>ll 
= II w(o)ll 
by virtue of our hypothesis, i.e., /I xg jl 2 (1 + 6) Ij utc(0)jj , for P sufficiently 
small. From (5.12) we now obtain 
or 
II W(O)ll < II bill < 4 g II + II ~twll) (5.16) 
II utV)ll G (41 - 4 II g II v (5.17) 
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which clearly implies that 
as E -+ 0. (5.18) 
If this latter result is used in combination with (5.12) then we also obtain 
II u’(O>lI - 0 as E + 0. (5.19) 
Note, however, that 
and 
II u’(W2, = <u’(O)> Mu’(O)) 
G II uV)lI II Mu’P)ll 
(5.20) 
II GN/2, d II ut’@)ll IIMu,‘(W (5.21) 
so that our assumption that lim,,, // Mue(O and lim,,, II Muf(0)li are both finite, 
when used in combination with (5.18), (5.19), now yields 
II ue(0)ll* - 0, II WW -+ 0, as 6-0 (5.22) 
from which it is immediate that $(uE(0), u;(O)) approaches zero as E -+ 0. 
Q.E.D. 
6. AN APPLICATION IN LINEAR ELASTODYNAMICS 
Let B CSJ3 be a bounded regular region with smooth boundary aB and let 
Ciikl(x, t) be bounded measurable functions for each t E [0, T). 
We take 
H =L2(B) x P(B) x L2(B), 
W={wEHjw=OonaBandwEC1(B)}. 
For u, v E H we set 
<us V)H =s, w4 Q4 + u2w ~2(4 + %(X) ~3W) dx 
and for any w E W we define linear operators M and N(t), 0 < t < T, by 
Ww), (4 = ~(4 w&4 (6.1) 
(N(t) w>i (4 = 2 [G&G t) $1 9 3 (6.2) 
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where p(x) > 0 is the density of the elastic material which fills the region B; 
the quantities Cijlcl(x, t) are, of course, the time-dependent linear elasticities of 
the elastic body. Thus, the system (l.l), (1.2) takes the form 
%(X9 0) =fi(x), 2 (x, 0) = g,(x) (e-4) 
for all x E B, where f( *) and g( .) are given continuous functions on B; of course, 
u( ., t) E W, for 0 < t < T, so the homogeneous boundary condition 
u(x, t) = 0, (x,t)~ aB x [0, T) (6.5) 
is also satisfied. This a good place to note that if in the present situation, we take 
the domain J of u(., 2) for any fixed Z E [0, T) to be B then 
u(-, 2): B +L2(B) x L2(B) x P(B) 
and we must be careful as to how we interpret quantities such as 11 u IIt . For 
instance, if f, g: B -L2(B) x L2(B) x L2(B) then for any particular x E B 
there exist functions fiz(.) ELM, i = 1, 2, 3 such that 
f(x) = (fi”(.>,fi”(.),f2”(.)) 
with a similar result for g(x). An inner product could be defined on the space of 
functions L2(B;L2(B) x L2(B) x L2(B)) via 
(6.6) 
and by the expression 11 u 11: we would mean 
II u II: = it (0, d, Mu(x, 4)~ h 
(6.7) 
However, since such a precise interpretation is essential only when we deal with 
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A finite-dimensional cylinder set in S(S) is a subset a of B(S) of the form: 
A = 7g(A), where IE $, and ACB(I). 
In particular, if A = {I,}, Ii C I, then: 
Note that if I1 , I, E 2 and I1 n I, = 4, then: 
TT$,&) = {B C S: B 3 I1 , B’ 3 I,}. 
Let @ denote the class of all finite dimensional cylinder sets in B(S), and 
.F = u(U), the o-field of 9’(S), g enerated by 9. It is clear that if r is strongly 
measurable (with respect to &’ and 9) and if $ C 9Y, then r is measurable 
(with respect to & and 9). 
3. LOWER-PROBABILITY MEASURE AND BELIEF FUNCTIONS 
3.1. A source is a probability space (X, ~2, P) and a multivalued map- 
ping E X + S(S). For simplicity, we assume that S* E &’ and P(S*) = 1. 
Let $ be a a-field on S, we assume that I’ is strongly measurable (with respect 
to & and 99) and in addition: 
If T E &?, then 
The lower and upper probability measures P, , P* are defined respectively by: 
P*(B) = P(B*), 
P*(B) = P(B*). 
Note that P*(B) = 1 - P,(B’). 
Dempster [3] considered also the set-function: 
Q(B) = PC@ 
Remark. In the study of random fields [7] and set-valued Markov pro- 
cesses [8], the set-functions Q and P*, in the case where r is regarded as a 
random set, are called the correlation function and incidence function, res- 
pectively. 
Let f be a set-function: g + R. Two types of successive differences of f(B), 
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Even if (i), (ii), and (iii), above, are satisfied it is clear that Theorem I canno 
be applied directly, in the present situation, as L(t) = M-lN(t) is clearly ar 
unbounded operator for each t E [0, T). Continuous dependence on initial dat: 
and uniqueness, for solutions u E J&’ of (6.8), (6.9) can still be deduced from the 
analysis of Section 3 if we are willing to further restrict the elasticities and the 
class of perturbations. To be specific we shall assume that for each t E [0, T) 
and each set of indices i, j, 12, I, Cijkl(., t) E Cl(B); we also want ui and &/at tc 
be in C2(@ for each i = 1,2, 3 and each t E [0, T). From (3.3) and (3.4,) w( 
obtain 
[jJ,, P(X) %(X, 7)%(X7 7) fix d7]l’* 
< rls,, R ) Ux> 7) UT 7) dx 4]1’p 
+ K1”L6 fJa’ j-.,,, P-W W(7) n(x, dli NT) A(x> dli dx 4 1 1’2--6’2 
for 0 < t < T, where (6.11, 
h(x, 7) = 7wJ37) (x, 0) + %(X9 0). (6.12; 
A simple computation now yields 
W(7) Yx, 7% = & G& 7) + Gdx, 7) 3 
2 & 3 1 
so that 
RT) = [i,,,, P-W [N(7) x(x, 7>li [N(7) Yx, 7>li dx d7 






+ z&Tm,(X~ 7) - ax, a2x, ax, axmax, 1 dx 4, 
where we have employed the usual summation convention and where 
&m(x, t) = [& Gkk t,] [& Glm,(X~ t)] 
B. ,Iczmns(x, t> = GikdX, t> GmP(X, t) 
G+aP(X, 0 = [ -2- G!&~ t)] ~cimnD(x~ 91 8Xj 
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are all continuous functions on izI x [0, 7’). Note also that 
< 1 T sup L-@V))l ,
[O,T) 
where p is the Euclidean volume measure on W3 and 
(6.13) 
(6.14) 
If we set 
A = max {sup[max &,&, t)l> 
k,l,ra,p [O.T) x4 
and define constants B and C in a similar manner then we easily find that 
which simplifies to 
I) dx 4, 
(6.15) 
where the I indicates that we sum over all indices j, k, 1, m, n, p as they range over 
1, 2, 3 and D = max(A, B, C) x supXps @(x).~ By virtue of our hypothesis, 
the integrand which appears in (6.15) is a continuous function on B and therefore 
there exists a constant 7 > 0 such that 
Q(T) G 9 su~G@(~))l. 
[O,T) 
(6.16) 
5 We must assume here that inf,, p(x) # 0. 
536 FREDERICK BLOOM 
Combining (6.11), (6.13), and (6.16), we get 
(6.17) 
< (XT Sup[/L(B(t))])r’a + Ki’W($z SUp~(L(B(t))])r’a-~‘” 
I0.T) X0-T) 
for all t, 0 < t < T. If we set 6 = max(& 7) then clearly 
t 
J-s ~(4 4x> d ui(x, d dx 6 + 0, O<t<T as 6-0. o B(v) 
If we use (6.12) and the definition (6.14) of A, it is a relatively simple matter to 
show that 
ii < ~~7 [T 1$(x, O)$X,O)!~'~ + {ui(x,0)u,(x,0)}1~2]2. 
Therefore, if x 2 7 
for each t, 0 < t < T, whenever 
approaches zero. If x < 7 then a slightly more complicated condition results 
which involves second order spatial derivatives of ui(x, t) and (hi/t%) (x, t) at 
t = 0; uniqueness of solutions is, of course, a direct consequence of the stability 
estimate (6.17). 
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